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Abstract-A “small gain” result is proved by Liapunov methods for time-varying systems. It allows 
one to obtain a stabilizing compensator with disturbance attenuation without asking complementary 
controllability or detectability assumptions. 
1. INTRODUCTION 
In linear control theory there is a result called “the small gain theorem” which in input-output 
terms is a rather direct application of simple operator-theoretic facts. 
To be more specific if the input-output operator of a plant is written as y = Pu and the input- 
output operator of a controller is written as ye = Cut, the action of the controller is described 
by y = p(r - Cy) where T is a reference signal. From there, we have (I + PC)y = Pr and 
the fact that C stabilizes P is expressed by the invertibility of I + PC. If now l[Pll < p and 
IlCjl < l/p, we deduce IJPCII < 1 and obviously I + PC is invertible. We did not insist about 
the spaces where P and C act. If the system is time-invariant, the input-output operator is 
described as multiplication by the transfer function, and a natural framework corresponds to 
such functions belonging to HW, the norms in the above considerations, being the H”-norm of 
the corresponding transfer functions. 
The purpose of the present note is to describe a counter part of the “small gain theorem” in 
a state space framework for time varying systems; for people working in differential equations, 
the main fact is that, by starting with input-output properties of the systems, one obtains a 
result concerning Liapunov exponential stability. The proof of such result is not at all trivial and 
heavily relies on the equivalence between the fact that the norm of the input-output operator is 
less than p (for L2-spaces of inputs and outputs) and existence of a global bounded stabilizing 
solution to an associated Riccati differential equation. 
Let us remark finally that a similar approach in the case of time-invariant systems has been 
announced by Bernstein and Haddad [l]. 
2. THE “SMALL GAIN” THEOREM 
THEOREM 1. Consider the system 
z’ = A(t) 2 + B(t) u, 
Y = C(t) 5, 
(1) 
where A, B and C are matrix-valued, continuous and bounded on R functions. Associate the 
compensator 
4 = A&) 2, + B,(t) uc, 
Yc = Cc(t) xc + a(t) UC, 
(2) 
where A,, B,, C, and D, are also matrix-valued, continuous and bounded on R functions. 
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Assume: 
a) A and A, define exponentially stable evolutions; and 
b) Let G the input-output operator associating to u E L2 (R,F) the unique output y in 
L2(W,W) corresponding to the unique solution z of (1) in L2(R,Rn). 
Let G, be the input-output operator from L2(R, W’) to L2(W, Wm) associated in the same way 
to the compensator (2). Assume that [IGIl < p and IlC,ll < l/p. 
Under such assumptions, the system obtained by coupling (2) to (1) with u, = y, u = yc, 
defines an exponentially stable evolution. 
PROOF. After coupling, the system is 
5’ = [A(t) + B(t) DC(t) C(t)] z + B(t) Cc(t)zc, 
z; = B,(t) C(t) 2 + A,(t) zc. 
If ]]G]] c ~1, it follows that the Riccati equation 
(3) 
P’ f A*(t) P + PA(t) + -+ PB(t) B*(t) P + C*(t) C(t) = 0 (4) 
has a bounded on W, positive semi-definite solution such that A + l/p2 BB*P defines an expo- 
nentially stable evolution (see [2,3]). In the same way, there is a bounded positive semi-definite 
stabilizing solution to the Riccati equation 
P,’ + A:(t) P, + P, A,(t) + G,*(t) Cc(t) + [PC B,(t) + G,*(t) DC(t)] 
[Ip - DE(t) WN-l [B,*(t) Pc + o:(t) Cc (t>l = 0. (5) 
Let (,“,) be a solution to (3) and let 
V(t) = z*(t) P(t) 5(t) + /L2 z;(t) PC(t) xc(t). 
A direct calculation using (3), (4) and (5) leads to 
-+3*(t) P( ) 44 - [G(t) xc(t) + o,*(t) C(t) z(t)] 1’ 
where F,(t) = [l/p2 Ip - DE(t) DC(t)]-1 [BE(t) PC(t)‘+ DE(t) Cc(t)]. We deduce from here 
O” 1 
II to 
7 B*(t) P(t) z(t) - [Cc(t) xc(t) + o;(t) C(t) x(t)] 2 dt 
112 
+ -J$ Ip - DE(t) DC(t) 1 [J’,(t) xc(t) - C(t) @ I 2 dt I -+ V(b) (6) 
= -$ [s*(to)p(t > (t > 0 2 0 + P2’Z30) Pc(to) h(to>] I P [14to)12 + Mto)12] 
Denote by x (t, s) the evolution operator associated to A + l/p2 BB*P and by X,(t, s) the 
evolution operator associated to A,. We may write the first equation of (3) as 
d(t) = A(t) + -+ B(t) B*(t) P(t)] z(t) 
+ B(t) Cc(t) xc(t) + Wt) C(t) x(t) - ;B*(t) P(t) z(t)] 
and from here we deduce that 
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J 
t z(t) = z’(t, to> z(b) + X(t, s) B(s) 1 Cc(s) G(S) + h(s) C(s) - to -$ B*(s) P(s)] z(s)} ds. 
A standard argument leads, by using (6), to 
(7) 
The second equation in (3) gives the representation 
J 
t 
G(t) = -&(t, to) zc(t, to) + X&, s) &(s) C(s) 4s) ds 
to 
and from here, by using again (6) and (7), we deduce that 
10m I&)12 dt 5~2 (l+o)12 + 14to)12) . 
A Datko type argument ends the proof. 
Although the result is significant by itself as a stability result for a system in a product space 
obtained by a coupling procedure starting with input-output properties, the “small gain” theorem 
plays an important role in control problems such as stabilization with disturbance attenuation 
and robust stabilization [4-6]. 
For instance, as it is shown in [7], the use of the “small gain” theorem proved in this note 
allows one to construct a stabilizing controller with disturbance attenuation without the usual 
conditions of the stabilizability and detectability assumed in the time-invariant case. 
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